In this paper we solved the temporal nonlinear one-dimensional TzitzeicaDodd-Bullough equation using lattice-Boltzmann and a d1q3 velocity scheme. Also, with the help of the Tanh-Coth solitary wave method, we find several families of solutions. In addition, the nonlinear solutions obeys the superposition characteristic phenomena of soliton-like behaviour.
Introduction
From the pioneer work of Tzitzeica [1] - [2] , and the crucial contributions in soliton theory by Mikhailov [3] , Dodd and Bullough [4] , and Zhiber and Shabat [5] , the Tzitzeica-Dodd-Bullough equation (TDBEq) appears in very important research fields, such affine differential geometry [6] and conformal field theory [7] . In addition, a powerful technique called lattice Boltzmann, has proven worthiness e.g., in relativistic quantum mechanics [8] , fluid dynamics with gravity [9] - [10] , and a very interesting method solving Korteweg-de Vries equation [11] and Poisson equation [12] . Besides, solitary wave methods have opened a great research field, in order to find solutions to nonlinear differential equations. In special, we consider the tanh method and a generalization known as the tanh − coth method, [13] - [14] . This work is organized as follows. Section (2), presents the lattice-Boltzmann model applied to TDBEq. In section (3), the definition of the moments of the distribution are given and we get the TDBEq. Section (4), we obtain the equilibrium distribution function. In Section (5), we use the Tanh-Coth method in order to obtain solitary wave solutions of the TDBEq. Finally, in section (6), we present results and conclusions.
The lattice Boltzmann model
The lattice-Boltzmann equation is:
Where f i (x, t) is the one-particle distribution function, Ξ i (x, t) is the source term, and Ω i (x, t) is the collision term. Ω i (x, t) [15] , is given by:
Expanding the one-particle distribution function in a Taylor series, we have:
Considering δx = v x δt, δx = δtv x , and replacing in eq.(3)
Using a perturbative expansion at first order in the spatial derivatives, second order to the time derivative, and second order to the particle distribution function, we have:
Replacing eqs. (2)- (5) in eq. (1)
The source term in LB eq. (1), [9] - [10] , is defined as:
The terms at order in eq. (6) and assuming f 0 i = f eq , we have:
The terms at order 2 in eq (6), we get:
Replacing eq. (8) in eq. (9), we get
Summing eq. (8) to eq. (10), we have
Moments of the distribution function
We suppose, by convenience, the next set of moments of the distributions, [11] - [12] :
Summing on i in eq. (11) and using eq. (12)
Using
We assumed ∂v x,i ∂x = 0, which means an irrotational fluid. Then, we have:
We consider i φ i = λΦ. Therefore, in eq. (16):
And using eq. (13), we have the nonlinear wave equation:
If we consider
Therefore, eq. (21) is
Distribution function d1q3
Defining the distribution function f The temporal derivative of ρ(x, t) is applied with the backward difference discretization scheme
The tanh-Coth method
We start using the next trasformation:
Also, we do the next transformation:
Then
Replacing in eq. (27)
Now, we introduce a new independent variable [13] - [14] :
The derivatives of u, are:
The solutions are postulated as:
Then, replacing eqs. (30)
Now, we balance the highest-order linear derivative with the highest order nonlinear terms in eq. (34). We get:
Replacing in eq. (34):
Doing some algebra we find
Also, defining
The solutions for a 0 are:
The spatiotemporal, LB, evolution of ρ(x, t) using a d1q3 lattice velocity, for two initial profiles, tanh (x) − coth (x), given by eq. (61). 
Conclusions
This paper presents the LB and Tanh-Coth methods applied to find solutions of the one-dimensional TDBEq. The general structure of the solutions are:
ρ i (x, t) = − ln (a 0,i + a 1,i tanh (x − kt) + a 2,i coth (x − kt))
We find 118 families of solutions for the field ρ. Also, fig. (2) shows solitonlike behaviour. At last, the extension to higher dimensions to the TDBEq is straighforward.
